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P-ADIC FAMILY OF HALF-INTEGRAL WEIGHT MODULAR FORMS VIA 
OVERCONVERGENT SHINTANI LIFTING 



JEEHOON PARK 

Abstract. The classical Shintani map (see IShnn is the Hecke-equivariant map from the space of 
cusp forms of integral weight to the space of cusp forms of half- integral weight. In this paper, we 
will construct a Hecke-equivariant overconvergent Shintani lifting which interpolates the classical 
Shintani lifting p-adically, following the idea of G. Stevens in IStll . In consequence, we get a 
formal g-expansion B whose g-coefficients are in an overconvergent distribution ring, which can be 
thought of p-adic analytic family of overconvergent modular forms of half-integral weight, since the 
specializations of Q at the arithmetic weights are the classical cusp forms of half-integral weight. 
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0.1. Introduction. 

The space of modular forms of half-integral weight (see 
been studied by many people. One of the main reasons for this would be the facts that their 
fourier coefficients are rich in arithmetic. For example, the representation numbers of positive 
definite integral quadratic forms of odd dimensions arise as fourier coefficients of theta functions 
of half-integral weights. H. Cohen showed that his generalized class numbers are the fourier co- 
efficients of Eisenstein series of half-integral weight (see jCohj ). Moreover, J. Waldspurger had 
shown (see |Waj ) that the square of the fourier coefficients of new cusp forms of half integral weight 
(see |Kohj for the theory of new forms in the half-integral case) are closely connected to the special 
values of L-function of corresponding integral weight cusp forms under the Shimura correspondence. 



It was Shimura who initiated the program which relates modular forms of integral weight with 
modular forms of half-integral weight. He defined the Hecke actions on half- integral weight modular 

(5)1997 American Mathematical Society 



1 



forms and constructed integral weight modular forms from half-integral modular forms by using 
Hecke operators and functional equations of Dirichlet L-functions associated to concerning half- 
integral and integral weight modular forms, which comes from explicit transformation formulas of 
some theta functions. After Shimura's work, Shintani ( |Shnj ) gave an inverse construction to the 
Shimura's map, where he used the Weil representation to construct the half-integral weight cusp 
form 0{f) from an integral weight cusp form /. Furthermore, he expressed the fourier coefficients 
of 9{f) as some period integrals of /, hence can be described in terms of a certain cohomology class 
associated to / as in Shimura's work (see the chapter 8 of IShmll ). G. Stevens realized that if we 



have a A-adic cohomology class which interpolates the p-stabilized ordinary newforms then it gives 
rise to a A-adic version of Shintani lifting for Hida's universal ordinary A-adic modular forms (see 
|Stlj ). The main goal of this paper is to generalize his result to the finite slope non-ordinary case, 
i.e. Robert Coleman's p-adic analytic family of overconvergent cuspidal eigenforms of finite slope. 

In section 1, we recall the definition of overconvergent modular symbols which is a compact 
supported group cohomology of a congruence subgroup of S'L2(Z) with values in overconvergent 
distribution and explain how it interpolates the classical cusp forms by the specialization maps at 
arithmetic weights, i.e. how a cohomological approach to p-adic family of modular forms works. 
The more precise dictionary between Robert Coleman's p-adic family of overconvergent eigenforms 
and overconvergent Hecke eigensymbol (see the theorem 13. 17|) will be given in section 3. Note that 
before the final section 3, we won't concentrate on Hecke eigenforms; instead, we deal with modular 
forms which are not necessarily Hecke eigenforms. 

In section 2, we give a purely cohomological formulation of the Shintani lifting following G. 
Stevens' work f |Stlj l. after reviewing the Shimura correspondence, especially the Shintani's con- 
struction of half-integral weight cusp forms from integral weight cusp forms. Then p-adic lifting of 
the cohomological Shintani lifting will be given (see the definition l2.10() . which we call overconver- 
gent Shintani lifting. Its p-adic interpolation property essentially asserts that the following diagram 
commutes: 



HliToiNp),VN) 



e 



©fc. 



7^« 



where all the notations will be provided in the paper. Furthermore, we describe how the natural 
Hecke action on overconvergent modular symbol is transformed under the overconvergent Shintani 
lifting (see the theorem I2.11|) . The main theorem of section 2 12.111 implies that we can define 
Hecke actions (see the definitions (|2.21|) and (|2.22|) ) on the space of formal g-expansions with 
coefficients in an overconvergent distribution ring so that the overconvergent Shintani lifting is 
Hecke-equivariant. The important feature of the cohomological (overconvergent) Shintani lifting 
is that it's purely cohomological and algebraic which depends only on the arithmetic of integral 
indefinite binary quadratic forms. 



In section 3, we state and prove our main theorem (the theorem 13. 28 j) which asserts the existence 
of formal (/-expansion € '^h,Ar [[(/]] whose specializations to classical arithmetic points are, up to 
multiplication by scalars, the (/-expansions of Hecke eigenforms of half-integral weight (in the sense 
of Shimura Shm2 ), which is obtained via the classical Shintani's map from the cuspidal Hecke 
eigenforms of tame conductor N with finite slope < h. In contrast to the ordinary case, the exis- 
tence of Hecke eigensymbol in HI(Tq{Np),'D]\j) over the whole weight space Xn is not guaranteed in 
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the non-ordinary situation. But if we shrink the weight space small enough, then we can prove the 
existence of Hecke eigensymbol over that small affinoid domain. More precisely, G. Stevens proved 
that there exists an affinoid subdomain B^ j^f in such that H^{Tq{Np),Vb^ j^) admits a slope 
< h decomposition (see the theorem 13. 7() and we prove the existence of Hecke eigensymbol in the 
slope < h part H^{Tq{Np),I)b,^ j^)^-'^^ (see the theorem I3.17() . After introducing overconvergent 
p-adic Hecke algebra for the slope < h part H].{TQ{Np),'DBf^ pf)^-'^\ we define a local overconver- 
gent Shintani lifting over Bh,N and prove its Hecke-equivariance and the main theorem as a simple 
application of tools developed in the paper. 

It should be mentioned that H. Hida constructed a A-adic Shimura lifting in [Hi2j which is an 
inverse to G. Stevens' A-adic Shintani lifting (in |Stlp which we are generalizing to the finite slope 
non-ordinary case in our paper. Also, Nick Ramsey constructed half-integral weight eigencurve 
and studied overconvergent Shimura lifting in [Ramlj and |Ram2j . The overconvergent Shintani 
lifting here can be thought of an inverse to overconvergent Shimura lifting. It would be worthwhile 
to write down a local (possibly global) rigid analytic map from Coleman-Mazur integral weight 
eigencurve (see |Col-Mzj for the tame level 1 and |Buzj for the higher tame level A^) to half-integral 
weight eigencurve (see |R,am2j ) . in the rigid analytic geometric language used in N. Ramsey's paper 
|E,am2) . though, in some sense, our overconvergent Shintani lifting answers what it should be. 

It's worthwhile to note that the recent work of Bertolini, Darmon, and Tornaria about Hida fam- 
ilies and Shimura lifts (see |BDTj ) tells us that the p-adic derivative of a certain linear combination 
of the fourier coefficients of a A-adic cusp form of half- integral weight, evaluated at some arithmetic 
point, are closely connected to the Stark-Heegner points on the elliptic curve attached to a weight 
2 cusp form which moves p-adically in the corresponding A-adic cusp form of integral weight under 
A-adic Shimura lifting. The fourier coefficients of the universal overconvergent half-integral weight 
modular forms (see the definitions 12. LSI and I3.24j) might subject to the similar story so that the 
p-adic derivative of their certain linear combination could be closely related to the Heegner cycles 
in the non-ordinary and higher weight > 2 case. It would certainly be a good project to develop 
an analogous theory in the non-ordinary and higher weight > 2 case, following them. 

The author thanks his thesis advisor G. Stevens for suggesting this problem and for many in- 
valuable conversations and help on the subject, and Robert Pollack for helpful comments. 



1. COHOMOLOGICAL APPROACH TO COLEMAN'S p-ADIC FAMILY OF OVERCONVERGENT 

MODULAR FORMS 

Throughout the paper, we fix a prime p > 5 and a positive integer A*" with {p,N) = 1; the 
"quadratic residue symbol" (|) has the same meaning as in |Shm2j . We use the notations Aat and 
(Tj/NZ)^ interchangeably. Let K be any finite extension field of Qp and | • | be the complete non- 
archimedean absolute value of K normalized by \p\ = p~^. Let Cp denote the p-adic completion 
of an algebraic closure of Qp. We fix, once and for all, a field isomorphism between C and Cp. 
Robert Coleman constructed a p-adic family of overconvergent modular forms in |Collj . It seems 
to be hard at the moment to define an overconvergent Shintani lifting directly from the Coleman's 
way of describing the p-adic family. But if we approach Coleman's p-adic family in a cohomological 
way (using overconvergent modular symbols) as developed by G. Stevens, then there is a natural 
way to get an overconvergent Shintani lifting which interpolates the classical Shintani 0-lifts in 
|Shnj . We start from a locally analytic distribution space which will be the coefficient ring of 
our compact supported cohomology for an arithmetic group and then we describe overconvergent 
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modular symbols with Hecke action on them and how they interpolate classical modular forms by 
the specialization maps. 

1.1. Overconvergent modular symbols. 

The goal of this section is to introduce overconvergent modular symbols and the Hecke action on 
them. Let 5 be a compact subset of Qp or Qp x Qp. We define A{S) as the space of ET-valued locally 
analytic functions on S. We also define P(5') as the space of iiT-valued locally analytic distributions 
on S, i.e. ^{S) := B.om.ctsiA{S), K) with the strong topology. We will use the notation A and V, 
when 5 = X Zp, i.e. A = A(Z^ x Zp) and V = P(Z^ x Zp). Then ^ is a reflexive and complete 
Hausdorff locally convex vector space whose strong dual 2? is a Frechet space. We refer to §16 
of |Schj for the detailed definitions. 

For any positive integer M, let 

To{M) := {( " ^ ) G 5L2(Z) | c = (modM)} 

be the congruence subgroup of 5'L2(Z). Then To{Np) acts on Zp x Zp by matrix multiplication 
on the right, viewing the elements of Z^ x Zp as row vectors. So it induces a left action on A by 
(7 ■ f){x-,y) '■= f{{x-,y) ■ 7) where ^ l^p x "Lp and f ^ A. Consequently it induces a right 

action of Vq[Np) on T> which is uniquely characterized by the following integration formula: 

(1-1) / f{x,y)d{n\'y){x,y)= I {-y ■ f){x,y)dn{x,y). 

We refer to this action on T) as the dual action induced from action on A. The scalar action of Zp 
on Zp X Zp induces a left action of P(Zp ) on A by 

(1.2) {vf){x,y):= [ f{x-\yX)du{X) 

for ly e P(Z^) and f £ A. 

Hence this induces a right action of T){'Lp ) on D by the dual action, i.e. by the following formula: 

(1.3) / f{x,y)d{iJ,\iy){x,y)= I {u ■ f){x,y)dn{x,y) 

iJ X ^p "/ Sp X ^p 

for n £ D and z/ G P(Zp ). The action of Tq(Np) clearly commutes with the action of T){'Lp). 
Henceforth we may consider 2? as a I?(Zp )[ro(A'^p)]-module. 

Now we define the group of P- valued modular symbols over ro(A'^p) whose elements we will call 
overconvergent modular symbols (over Tq{Np)). 

Definition 1.1. We define the group of D- valued modular symbol over Tq{Np) to be 
(1-4) Symbro(Arp) (^) := Homro(Arp) (Aq, V) 

where Aq := L>w°(pi(Q)) is the group of divisors of degree supported on the rational cusps P (Q) 
of the upper half plane. 

In other words, <I> G Symbpjj(^p)(I?) is an additive homomorphism <I> : Aq — > T) for which = $ 
for all 7 € Tq{Np) where the action of 7 G Tq{Np) on Hom(Ao,I') is given by 

(1.5) m^){D):=^^.D)\^ 

for D e Aq. 
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We refer to |Shmlj or the appendix of |Hij for the definition of compactly supported cohomology 
H',{To{Np),V). 

It turns out there exists a canonical isomorphism (see |A-Slj for the proof) 

(1.6) H',{ToiNp),V) = Symbr„(^p)(P). 

Henceforth we will use the terms P-valued degree one compactly supported cohomology and over- 
convergent modular symbol interchangeably. 

Consider the natural map 

H',{To{Np),V) ^ H\To{Np),V) 

defined by sending a overconvergent modular symbol ip to the cohomology class represented by the 
1-cocycle 7 1— > if{{'yx} — {x}) for any fixed x G ^^{Qp) (it is independent of the choice of fixed 
element x). Then the parabolic cohomology (see [Shml] or the appendix of [Hi] for the definition 
of parabolic cohomology) is canonically isomorphic to the image of the above natural map: 

(1.7) HliToiNp),V) ^ Hl,iToiNp),V) ^ H\T^{Np),V). 

Remark 1.2. If we replace Np and T> by any positive integer M and any right Z[ro(M)]-module 
respectively, (1.4)-(1.7) still remains valid. 

We now give the Hecke- module structure of these cohomology groups. Let 5o(M) denote the 
semi-group 



So(M) := { 



" ^ ^ G M2+(Z) I c = (modM), (a, M) = 1} 



where M is a positive integer and M2{'^) is the semi-group of integral 2x2 matrices with 
positive determinant. Let R{T q{M) ^ Sq{M)) be the Z-module generated by the double cosets 
ro(M)aro(M), a G Sq[M). This can be equipped with a ring structure by defining multiplication 
between two double cosets. R{rQ{M), Sq{M)) with this multiplication law extended Z-linearly, 
becomes a commutative ring with Tq{M) = Tq{M) ■ 1 • Tq{M) as the unit element. It is called a 
Hecke ring with respect to a Hecke pair {To{M), So{M)). 

For each positive integer n, denote by T„ the formal sum of all double cosets TQ{M)aTo{M) 
with a e 5o(M)" := {a G So{M) \ det{a) = n} in R{To{M), So{M)). For example, Tp = 

ro(M) ( i ) ro(M) for every prime p. For primes p satisfying (p, M) = 1, let 



p 

(1-8) rp,p = ro(M)f ^ I )ro(M). 



p 

The structure of i?(ro(M), 5'o(M)) is given by the following theorem [Shml, Theorem 3.34]: 

Proposition 1.3. (1) R{T q{M) ^ Sq{M)) is a polynomial ring over Z in the variables Tp^p for all 
primes p not dividing M and Tp for all primes p. 

(2) R{Tq{M)^ Sq{M)) ®% Qp is a polynomial ring over Qp in the variables for all n > 0, i.e. 

(1.9) i?(ro(M), So{M)) ®z Qp = Qp[T„ : n G N] 
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We will call Rq^ := R{To{M), 5o(M))(8)zQp the abstract Hecke algebra over Qp for (ro(M), 5o(M)). 
If p I M, then we use the notation Up instead of Tp. If ^ is a right 5o(M)-module, then yl'^oCAf) 
has a natural action by the Hecke operators T„ induced by, for a G A^o(*^) and a G 5o(M)", 

(1.10) a\To{M)aTo{M) := ^a|ai, 

i 

where {oi} is the set of representatives for TQ{M)\To(M)aTQ{M). Since the action of To(AI) on 
D extends to an action of Sq{M) on D by the same formula (|1.1|1 . Hom(Ao,I') is a right Sq{M)- 
module. Therefore iJ^i(ro(M), P) = Rom^^^M)i^o,'^) 

can be viewed as i?ii:-module by the action 
described above, where Rk = R{Tq{M), Sq{M)) (g)^ K. In particular, if p \ M, then Up acts on 
//i(ro(M),P) by 



(1.11) ^\Up = Y^^\' ^ ' 

i=l 

for $ e H^{To{M),V). 



p 



Because I? has an action of Sq{M) by the same formula (|1.1|) . we can also define the i?/^-actions 
on fZ'^(ro(M), I?) and ffp(j^(ro(M), P). In fact the maps in the sequence (|1.7j) are i?_ft'-module 
homomorphisms, i.e. Hecke-equivariant homomorphism. 

The matrix ^ q '^1 ) induces natural involutions on HI{Tq(M),'D) and H^(Tq{M),T>). 

The involution l decomposes each of cohomology groups as it eigenspaces: 

(1.12) H = H+®H-. 

We know that each cohomology class ip decomposes as 99 = ip~^ + if~ where ip^ := ^{p±(p\i) and 

Let R be any commutative ring with unity. We recall the definition of Lk^^{R) and Ll.^{R), 
where x is ^in i?-valued Dirichlet character of (Z/MZ)^ for some positive integer M, from 4.1 of 
|Stlj . For any integer k > we define Sym^{R^) (respectively, Sym^{R^)*) as the free i?-module 



generated by the divided powers monomials ^ • -^3^ (respectively, the monomials X" • Y^~'^) 

for < < n. Then L^^^iR) (respectively, L\^{R)) is i?[ro(M)]-module whose underlying R- 

module is Sym^{R^) (respectively, Sym^{R^)*) equipped with the following action of Sq{M): for 
a b 

X{a)-F{{X,Y)-J*) for FeLk,^{R) 
X{d)-F{{X,Y)-J*) for F G Lfc,x(i?)* 



7=( , , €5o(M), 



where7*=( ^ ^ ). There is a unique perfect i?-linear pairing (•,•): S'ym'^(i?^) xS'ym'^(i?^)* 



-c a 

R satisfying ( "^^^^^1 ^X^'^Y^^ = [—lySij where 5ij is the Kronecker delta. In particular, we have 
(1.13) ((^^l^^,P(X,y)> = P(a,6) 



for every (a, b) G R^ and P G Sym'^{R 



2\* 
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Let Sk+2{'ro{M), x) (respectively Mk+2(^o{M), x)) be the space of weight fc+2 cusp(respectively 
modular) forms of level Tq{M) with nebentype character x and Sk+2(ro{M) , x', R) the subspace 
of 5fc_|_2(ro(M), x) whose Fourier coefficient lie in R where i? is a subfield of C. We recall the 
Eichler-Shimura isomorphism (see [Shml]) 

5,+2(ro(M),x) - i/pV(ro(M),Lfc,^(C))±. 

/ - 

for a positive integer M and Dirichlet character x defined modulo M. 

By the Manin-Drinfeld principle, there is a Hecke-equivariant section to the natural map ()1.7() : 

Hl,,,.{To{M),Lk,^iR)) ^ H',iTo{M),Lk,^{R)), 

for a positive integer M and Dirichlet character x defined modulo M, if R is the field of characteristic 
0. Henceforth we can consider the element of parabolic cohomology Hp^^{Tq{M), Lk^^i-^)) ^ 
modular symbol with values in Lk^^{R). 

1.2. p-adic interpolation of overconvergent modular symbols. 

In this section we review how overconvergent modular symbols can be understood as p-adic 
families of modular forms (see |St3j ). For that we recall the definition of (arithmetic) weights and 
introduce the specialization map for an arithmetic weight. 

We refer to an element of Homcts(Zp jy, ) as a weight. For t G Z ^ we let tp and tjq be the 
coordinates of t under the canonical decomposition Z^jy = x (Z/A^Z)^. Let A^r = Zp[[Zp^]]. 
Then there is a natural identification between 

(1.14) Homrf,(A^,Cp) and Homrf,(Z;^^, C^). 

where the first Hom denotes continuous algebra homomorphisms and second denotes continuous 
group homomorphisms. 

Definition 1.4. A character(weight) k G Homcjs (Z^ jy , ) is called arithmetic of signature of 
(A;, x)) if it satisfies 

^it) = xit) ■ 4 

for some X) a finite order character of '^^ jq, and k G Z-*^. 

Note that we have a natural isomorphism between P(Zp^) and I>(Zp )[Ajv]. Accordingly, we 
refer to them interchangeably. Let's define 

where 7 G So{Np) acts on Djv as follows: 

(1-15) (/X ^) I (7) := I 7 ®,,,x, Hi)]n ■ V , 

for /i G P, G V{'Lp j^) and [a(7)]Ar G Aa? (here 0(7) is the upper left entry of 7). So Vn can be 
thought as 2?(Zp ^)[ro(A''p)]-module and H^{TQ{Np),'Diy) is defined and has a natural 2?(Zp^)- 
module structure. 

Definition 1.5. We define the abstract overconvergent Hecke algebra of tame conductor N to be 
the free polynomial algebra 

W:=P(Z;^^)[r„, :nGN] 
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generated by over V{Z^j^) by r„ G R{ro{Np), So{Np)) for n G N. 

Note that Ti = R{Tq{Np), Sq{Np))®zV{'L^^^). If k G Hornets (Z^ ^, i^^ ) is any arithmetic point 

of signature {k,x), then let i?^ := '^(^(^pAr)) where K(r) := r(K) for r G D(Zp^). We can define 
a i?K-liiiear map, called a specialization map for k, 

(1-16) ^^■.Vn = V 0^^^,^ ^ Lk,^{R.) 

by 

(1.17) </>k(^ r) := K{r) ■ / ^ Xp{x) ^^(a;, y) 

for /i G P and r G 2?(Zp jy), where we factor x = XN ■ Xp with XN defined modulo N and Xp 
defined modulo a power of p and ^(r) := r{K). A simple computation confirms that if x is defined 
modulo Np"^ then 0^ is a ro(A'^p'")-module homomorphism, and hence induces a homomorphism 
on cohomology groups: 

(1.18) : i7i(ro(A^p),Piv) ^ i?l(ro(A^p'"),Lfc,^(i?«)). 

The map 0^,* is Hecke-equivariant. Since 1-cocycles in H^iTQ^Np"^), Li:^^{R^)) can be viewed as 
classical modular forms via the Manin-Drinfeld principle and the Eichler-Shimura isomorphism, we 
can interpret an overconvergent modular symbol as a p-adic analytic family of modular forms by 
varying k and x- 

2. Overconvergent Shintani Lifting 

We first review the original Shintani lifting in |Shn| and its cohomological realization in |Stlj . 
Then we give an overconvergent version of these constructions. We will prove the Hecke-equivariance 
of our overconvergent Shintani lifting and decribe the Hecke action explicitly on formal (^-expansions 
with coefficient in I?(Z^^) := P(Z^^) ^ I?(Z^^) (see (|2.14|) 1. which is given as the image 

of the overconvergent Shintani lifting. This formal g-expansion can be viewed as the p-adic family 
of overconvergent half-integral weight modular forms. 

2.1. Classical Shintani lifting and its cohomological interpretation. 

We briefly summarize Shintani's construction in (Shnj of a Hecke-equivariant map from integral 
weight cusp forms to half-integral weight cusp forms. We then review its cohomological version 
which is well-suited to p-adic variation of Shintani map, following ^Si_lJ whose results we generalize 
to the non-ordinary case. Let Q = Q{X, Y) = aX"^ + bXY + cY'^ be an integral (meaning a,b,c Z) 
binary quadratic form. We define the discriminant of Q as 5q := 6^ — 4ac. We call Q an indefinite 
quadratic form if 5q > 0. Let J-' be the space of integral indefinite binary quadratic forms. 

Definition 2.1. For M G N, we define the set J^m as follows: 

( {Q{X, Y) = aX^ + bXY + cY^ e T \ (a, M) = 1, M\b,M\ c} if M is odd 

[ {Q{X, Y) = + bXY + cY^ £T\ (a, M) = 1, 2M \b,M \ c} if M is even 

If Q{X, Y) = aX'^ + bXY + cY^ G J- satisfies (a, b, c) = 1, we call Q a primitive quadratic form. 
The congruence subgroup Tq^M) acts on by the following formula: 

(2.1) (Q|7)(X,y):=Q((X,y).7"^) 

for Q G Tm and 7 G Fq (M) . It is easy to check that this action of Tq (M) preserves J^m . If a binary 
quadratic form Q is allowed to have rational coefficients, then we define the action of GL2(Q) on 
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Cq:- 



Q by the same formula H2.1|) . 

Now we associate a pair of points ujq,uj'q G P"'^(M) = MU (ioo) to each integral indefinite binary 
quadratic form Q £ Tm following [Shn]: 

(wq,u;q):=< (ioo,f) if c = and 6 > 

. (f,'ioo) if c = and 6 < 

Definition 2.2. We define the oriented geodesic path Cq in the upper half plane f) following |Shnj : 
the oriented geodesic path joining loq to ijj'q if bq is a perfect square 

the oriented geodesic path joining lo to 7q(<^) otherwise, 

where a; is an arbitrary point in P^(Q) and 7q = ^ ^ ^ ^ is the unique generator (satisfying 

r — tiOQ > 1) of ro(M)Q which is the index 2 subgroup (consisting of matrices with positive traces) 
of the stabilizer of Q G Tm in ro(-^)- See [Shn] and "Stl^ for more details. 

For a given Dirichlet character x defined modulo M, we define a new Dirichlet character x' 
modulo 4M by 

(2.2) x'(d) := X[d) ■ ), d G (Z/4MZ)\ 

For each quadratic form Q = Q(X,Y) = aX"^ + bXY + cY^ G .Fm and a Dirichlet character x 
defined modulo M, we define 

(2.3) x{Q)-=xia). 

Now we're ready to construct the classical Shintani ^-lifting. We define 

EQe^,,/ro(M) if M is odd, 

I^Qe^M/ro(M) Q)g^'2/^^' if M is even. 

for / G 5*2^+2 (Fo (-A^), X^) and z G (the upper half plane), where q := e^'^*^ and the coefficient 
in the g-expansion Ik,xif^ Q) is defined by 

(2.4) 4,x(/, Q) := xiQ) ■ [ /(t)Q(1, -T)''dT. 

JCq 

The integral Ik^xifiQ) converges for cusp forms / G 52A;+2(Fo(-^^), X^) and depends only on the 
Fo(M)-orbit ofQ in Tm- 

Recall that 5;j_,_3 (Fo(4M), x') is the space of cusp forms of level 4M, weight + and nebentype 

character x' (a Dirichlet character modulo 4M). We refer to |Shm2j for detailed definitions of half- 
integral weight modular forms. Shintani proved the following theorem (Theorem 2 in [Shn]). 

Theorem 2.3. Let k > and x be a Dirichlet character defined modulo M. Then for each 
f G S'2fc+2(Fo(-^), X^); tf^^ series 9k^^{f,z) is the q-expansion of a half-integral weight cusp form in 
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5*^+3 (ro(4M), x')- Moreover, the map 

(2.5) Ok,^ : 52fe+2(ro(M),x') ^ Vf (ro(4M), x') 
is a Hecke-equivariant C-linear map, i.e. 

(2.6) 9k,^im) = ek,^if)\Ti2 
for any positive odd prime number I. 

We recall the definition of the Hecke operator Tp on 5j;,^_3 (ro(4M), x') whenp|M. It is given on 
g-expansions by 

oo oo 

(2.7) (E'^«^")I^P^=E^P-«"- 

71=1 n=l 

Proposition 1.5 of [Shm2] tells us that Tp with p\M induces a map 
Tp : 5,+ 3(ro(4M),x') - 5,_,3(ro(4M),x' • (^)) 

So Tp preserves the level but multiplies the nebentype character by the quadratic character {-). For 
a rational prime I which doesn't divide 4M, the Hecke operator on 5^_,_3 (ro(4M), x') preserves 
the space 

5'fc+3(ro(4M),x'). Theorem 1.7 of |Shm2| tells us that 

oo oo ^ 

(2.8) iJ2(^nqnm^ := J2 {PPn + x'm^)'''\j)l'Pn + x'il'r'^'P^h''. 

n=l n=l 

Now let's turn to cohomological Shintani liftings. For each Q £ Tm, let 

{wq} — {wq} if (5q is a perfect square 



{7q(u;)} — {a;} otherwise. 



Note that Dn £ Aq. 



Definition 2.4. Let i? be a commutative Z[g]-algebra. Let /c > be an integer and x be an 
i?- valued Dirichlet character defined modulo M. We define 

(2.9) Jk,^{4>, Q) := xiQ) ■ (HDq), Q') e R 

for G /7i(ro(Af),L2fc,^2(i?)) = Homro(M)(Ao,T2fe,^2(i?)) and Q G J^m (so Q^' G 5ym^(i?)*), 
where 4>{Dq) is the value of any 1-cocycle representing (p. Note that the definition of Jk^xi^^Q) 
independent of the choice of a representative cocycle and depends only on the ro(M)-orbit of Q in 

Definition 2.5. We define the cohomological Shintani lifting 0^ ^ : H^{To{M), x^i^)) ~^ ^[W\] 
by 



Sge^M/roCA/) Jk,x{<l^^ QW"""' e RM] if M is odd, 



EQ6^M/ro(Af) •^'^.x(<^> g)g'«/^*^ G if M is even, 

for each cohomology class (j) £ H^{Tq{M), L2k^x^iR))- 

Note that Qk,x is an i?-linear map. The following result was proved in |Stlj (Proposition (4.3.3)). 
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Proposition 2.6. Let R be a commutative Z[^]-algebra. Let k > be an integer and x an 
R-valued Dirichlet character defined modulo M . 

1 
-1 



(a) For LP G HI{Tq{M),L2^ ^(R)) and l 



(2.10) 0fc,x(^k) = -0fc,x(^)- 

(b) For f £ 52fc+2(ro(M), x^) and ipf £ H^{Tq{M), L2k^^2{C)) which is the image of f under the 
composition of the Eichler-Shimura map and the Manin-Drinfeld section, 

(2.11) 0fc,x(^/) = 0fe,x(V'7) = ^fc,x(/) 
where Ok^xif) defined in (2.4) and il^J := ^ . {il^f — ^/|i). 

(c) If R is the field of characteristic (for example R = K) and i-p G H^{rQ{M), L2k^x^{R)) is the 
image of ip £ Hp^j.(rQ{M), L2k^x^{R)) under the Manin-Drinfeld section, then 

(2.12) QkAv^) G Vf (ro(4M), x'; R) 

where x' is defined in (2.2). 

2.2. Overconvergent Shintani Lifting and a universal overconvergent half-integral weight 
modular forms. 

In this section we define the Hecke-equivariant overconvergent Shintani lifting (see |Stlj for A- 
adic Shintani liftings) and describe the Hecke-action explicitly on the image of the lifting which we 
define to be the universal overconvergent half-integral weight modular form. Let a : Z!^ »f ^ at 
be the ring homomorphism sending t to t^. We use the same notation for the ring homomorphism 

(2.13) a : V{Zl^) ^ ^(Z;,^) 

induced from a : Z^^^ ^ Z^^^, i.e. a{^l){f{t)) = i^{f{t^)) for /i G V{Z;^^) and / G ^(Z^^^). We 
define the space of metaplectic locally analytic distributions on Z^ by 



(2.14) P(Z;_^) := V{Z;^^) mi^) 



where the tensor product is taken with respect to a : D(Z^yy) — > D(Z^yy). We regard P(Z^ yy) as 



a P(Zp ^)-algebra by the structure homomorphism 
(2.15) P(Z;^^) ^ P(Z;^^) 

given by r 1-^ r ^ 1. 

The following definition is the key step to construct overconvergent Shintani liftings. 



Definition 2.7. For each Q G J-Np we define a map Jq : D ^ D^Zp) by the following integration 
formula: 

(2.16) / f{z)d{jQ{fi)){z)= [ f{Q{x,y))dfi{x,y) 

for a given fi £ D and a locally analytic function / G A{Zp). This is well defined, since Q{X,Y) £ 
Z^ for Q£j^Np- 

We note that Jq is not a D(Zp)-linear map. In order to make it P(Zp )-linear, we twist the 
target space by a (see (|2.14() ). Then we extend Jq to Jq -.Vn ^ ViZ^ j^) by 



7X 
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forzv® ^rEP® x ^C^v n) ~ Here [Q]n •= [o]n ^ for each quadratic form 

Q(X, y) = + bXY + G jPjvp. 

Proposition 2.8. Lei Q G ^Afp- T/ie map Jq : Vj^f P(Zp^) is the unique V{'L^ -module 
homomorphism such that for all arithmetic k £ HomdsiZp j^,Cp) of signature {k,x) and the asso- 
ciated arithmetic k £ HomctsiZp j^,Cp) by a : — > Z^^, i.e. n := Roa (so k has a signature 
{2k, x^) ), we have 

(2.17) HJq{i^)) = x{Q)-{Mi^),Q'') 

for fi £ T>N- Here (j)^ is the specialization map in il.l7\ ) and {■,■) is the pairing defined by il.l!^) . 

Proof. Because of the construction, P(Zp ^)-linearity is clear. If the interpolation property H2.17() 
at arithmetic points is proven, then the uniqueness follows. So we concentrate on proving 1)2. 17() . 
Let ^ = V ® X ^ = V ® ^ P(Z^jy), and let R £ Homcts(^p ^, Cp ) of signature {k,x) 

associated to an arithmetic k £ Homcts(^p /^r, ) by a : P(Zp^) P(Zp^) (so k has a signature 
{2k, x^))- We then calculate 

KJqiiJ)) = f^{r) ■ f^i^N ■ Jq{i^)) 

= mQ]N) ■ K{r) ■ R{z)dJQ{u){z) 

= Xn{Q) ■ K{r) ■ 1^ R{Q{x,y))du{x,y) 

"/ ^p X ^p 

= XN{Q)-K{r)- I Xp{Q{x,y)) ■ Q{x,y)^dv{x,y) 

J ^p X Sp 

(because Q{x,y) £ Zp for {x,y) £ Zp x Zp) 

= XN{Q)Xp{a)K{r) . I ^ xpix'){ ^""^."/(f . Qi^^ Yf)dv{x, y) 
J 'Eip X ^p V / ' 

(by the equality and Q £ J^Np) 

= Xn{Q)Xp{Q) ■ Ur) . [ xl{x) ■ ^-^^^-i^r^Mx, y),Q'^) 

= x{Q)-{Mi^),Qh- 

This completes the proof. 

□ 

Now we are ready to define the overconvergent Shintani lifting following the definition in |Stlj . 

Definition 2.9. For each <I> £ H^{To{Np),'Dj^) = HomrQ(Arp)(Ao, I'at) and each Q £ J^^p we 
define 

(2.18) J($,Q) := Jq{HDq)) G V{Zl^) 

where ^{Dq) is the value of the cocycle representing <I> on Dq. 

Note that this definition of J{(^,Q) does not depend on the representative cocycle. A simple 
calculation confirms that 

Jq{<^{Dq))=Jq\^{^Dq\^)), 
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for 7 E To{Np) and Dq = dCq as in Definition 12.21 Thus J($,Q) depends only on the ro(A''p)- 
equivalence class of Q and the following definition makes sense. 

Definition 2.10. We define the overconvergent Shintani lifting 6 : H^{To{Np),'Dn) I?(Zp^)[[g]] 
by 



e(cl>) := 



EQe:F^,/roiNp) Q)/'^/^^ if Np is odd, 

T^Q^T^jToiNp) Ji^^ Q)/'^/^^^ if Np is even. 

We have seen that H^{rQ{Np),'Dj^) is an 'H-module but I?(Zp^)[[g]] doesn't have an "H-action 
a priori. We will put a 7i-module structure on ^'(2^ so that is "H-equivariant. In order to 

do so, we need an explicit description of 0($|T;) for all primes I and e{^\Ti^i) for all primes / f Np 
in terms of the coefficients of the g-expansion of Q{^) (see the (|1.8() for the definition of Ti^i) since 
7i is generated by these Hecke operators over 'D{Z^j^). For <I> G H^{Tq{Np),'D) and m £ Ajy, we 
define the notation $ m G H^{To{Np),'Diy) as follows: 

($ m){D) = ^D) 0^^^,^ meV V{Z;^^) =: 

for any D £ Aq. Even though we state the theorem for <I> (8) 1 for simplicity, the formula for general 
^ G H^{To{Np),'Diy) is also straightforward as is I?(Z^jy)-linear map. 



Theorem 2.11. First, Q is a 'D{Z^ j^)-linear map. Also, i/ $ = $ 1 G H^{To{Np),'Dn) is an 
overconvergent modular symbol and we write 

oo 

G(i) = ^ (1 ^ a{n))q- G 'D{'Ll^)M\, 



n=l 



then we have the following explicit formula for Ti on the q-expansion of 0($); 

^ ' — 2n , r^P-^Mn r , ^/^x , ,r,2i . , „/™^^^„n 



(2.19) e($|rO = ^ (^1 + {^^MnSi * a{n) + * a(|2)) j'?' 

n=l 

for any odd prime I. Here 6s G T'i'Lp) is the Dirac distribution at s £^ (we put 6s = 0, if p divides 
s), * is the convolution product in 2?(Zp ), and we put a(p-) = for n not divisible by P. We also 
have the formula for Ti i for any prime number I \ Np 

oo 

(2.20) e($|r;,o = (1 ® ^ [/V • * 



n=l 



with the same notation as above. 



Proof. The I'(Zp^) -linearity of follows from Proposition [TBI We first concentrate on the explicit 
description of G(^>|T/). The description of Ti^i for I f Np will be much easier. For Np odd (resp. 
even) denote by d„ the discriminant of the number field K = Q{^/Np ■ n) (resp. K = Q{^/4:Np ■ n)) 
and put Np-n = dnC^ (resp. ANp-n = dnC^). The positive number c„ defined by the above equations 
is a positive integer or a positive half integer but we will consider only the positive integer c„ (if 
Cn is not an integer, the terms appearing below are 0). We let 



Cs{Np) 



{Q = aX^ + bXY + e jr^p | (a, b, c) = 1, 6Q = Np- s} if Np is odd 
{Q = aX^ + bXY + cY^ G J^Np \ (a, b, c) = 1, 6q = ANp ■ s} if Np is even 
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for s G N. Then, from the construction of G, we have 



»i=l \m\cn,m>0 Q belongs to 

{m,Np)=l C_n{Np)/To{Np) 

Notice that Dq = DmQ for m G N satisfying (m, Np) = 1 (see the Lemma 2.7. (iii) of |Shnj ) . Put 
a^^(s,l',m) := ^ f J„q($(Dq)) • [mQ]jv j • 

Q belongs to 
£4Arp)/ro(Afp) 

In order to get the desired description of Ti on 0(^>), we will first derive a formula for a^^{s, #|T;, m). 
Lemma 2.12. Notations being as above, for s G N, we have 



a 



Np 



(s/2,l>,m) + (l + (^^))[/]jv5i*a^,(s,l>,m) i/(/,c,) = 1 
{sP, !>, m) + {l- (^)) * a^^i^, m) i/ (Z^, c,) = / 



where 6i and dp are defined in the theorem \2.11\ and we put (^,$,m) = for s not divisible by 
Proof. Let 

"0 = ^ Q 1 ) ^ ( ■/ ^ 1 - - ^ 



Then, for Ti G H, 



3=0 

Having in mind the action of a, on P ^ = "Dm, we have 

I 

Q belongs to j=0 
Cs{Np)/ro{Np) 

where a{aj) is the upper left entry of aj. 

Assume ds > 1 and we have K = Q{^/d^) = Q(\/c?sC^) (remember that ds is the discriminant 
of K). In this case Q G Cs{Np) has a non-perfect square discriminant and so Dq = {7qw} — {w} 
for any point lij G f) by the Lemma 2.7 (i) of |Shnj . where 7q was given in the Definition 12.21 Let 
Qi,Q2, Qh be a complete set of representatives of ro(A''p) -equivalence classes of quadratic forms 
in Cs{Np). Let 

Qi{X, Y) = a'X^ + VXY + c'Y'^ {l<i<h). 



Also put Lvl = ^ +^|^^ and uj\ = c* and denote by U the lattice in K generated by uj\ and If 
we denote by £' = £*(X, 1") the primitive integral binary quadratic form with discriminant dgC^ 
associated to U (look at the Lemma 2.2 of |Shnj for the precise dictionary between the lattices in 
K and quadratic forms.). In fact it's easy to see 

C%X,Y) = Qi{X,Y) {l<i< h). 
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It follows from the Lemma 2.2 and Lemma 2.6 of |Shn' that {L^, L^, ...,L^} forms a complete set of 
representatives of equivalence classes of lattices in K with conductor Cs (see the page 110 of jShnj 
for the defintion of the equivalence relation and the conductor of U). 
Put 

Qi,j ■■= Qi\aJ^ (1 < i < /i and < i < 
ei = PI : Ol^] and 62 = [Ol/{cs,l) : O^] 
where the definition of is given on the page 111 of |Shnj . Having in mind that 



we get 



[Qijh = [Qi]N (1 < j < I) and [Qij]N = [1^]n ■ [Qih (j = 0), 



OiNpis,^Ti,m) = Y^^JmQ,,A'^{{aj-fQ,aj'^ -u} - {uj})j ■[mQij]N 

i=0 j=0 ^ ^ 



Define 



i=0 j=0 



if j = 



{uj\ + + /^Z if 1 < i < L 



Then L*''^, L*'^, L*'' are mutually distinct sublattices of with index I. Let vC*'-' be the quadratic 
form corresponding to L*'-' . Then we have 

£*J(X, Y) if the conductor of U'^ = Csl 



Q^,J{X,Y) = { 



IC''^ (X, Y) if the conductor of L 



^ fC''^{X, Y) if the conductor of U'^ = ^ 



and 



J 



if the conductor of U'^ = cJ 



72Vj if the conductor of U'^ = Cs 



7^^ij^ if the conductor of U'^ = ^ 

Now our Lemma 12.121 can be derived from Lemma 2.5, Lemma 2.7 and Lemma 2.2 of |Shnj . For 
example, if (/, Cs) = 1, then Lemma 2.5, Lemma 2.7 and Lemma 2.2 of |Shnj implies the following: 



eier' E JmC^.mDc^M^J^''']N + (l + (y)) Yl JimC^AHD^M^J^"''] 



N 



C^'^ belongs to 
£^,2(iVp)/ro(7Vp) 



belongs to 
Cs(.Np)/Vq{Np) 



,d. 



a. 



«>, m) + (1 + (-^)) [/]jv<^i * (s, m). 



The cases (/^, Cs) = / and (/^, c^) = also can be checked in the similar way. If (is = 1, the proof 
is similar and much simpler. This completes the proof of Lemma 12.121 □ 
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Now we will use the Lemma 12.121 to prove the theorem. We can express G($) as follows: 

oo 00/ \ 

If we apply Ti, then we have 



n 

n=l n=l \ m\c„,m>0 

{m,Np)=l 



n=l \ m|c„,m>0 / 

(m,Afp)=l 

Let 

b{n):= a^^i^,^Tl,m). 

m|c„,m>0 
{m,Np)=l 

Note that we can assume c„ is an integer. Let's analyze the g^-coefficient case by case. If Z is a 
factor of Np, we have, by Lemma 12.121 

b{n) = Yl 

m|c„,m>0 
{m,Np)=l 

{m,Np)=l 

= a{nP), 

since l\p implies 61 = {612 = 0) and l\N implies [1]n = {[P]n = 0). Next we examine the case 
that I is prime to both Np and c„. Then Lemma l2 . 1 21 implies that 

h{n) = Y K,{^,'^,^) + {^ + i^mN6i*a^^{^,<^>,m)) 

m\cn,'m>0 
{m,Np)=l 

m\cn,m>0 m\c„,m>0 

{ni,Np)=l {■m,Np)=l 

m\c^^2=lcn,m>0 m\c„,m>0 
{m,Np)=l {m,Np)=l 

Finally consider the case that / is prime to Np but is a factor of Cn- Set Cn = c'^^l^, where is 
prime to I. Then we get 

m'\c'„,m'>0 
{m',Np)=l 



0<i<k 
or m'=2,i=0 
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Since Lemma l2. 121 shows that 

' a^^{^,^,t) + l[P]N6i2*a^^i^^^,^,^,t) {0<i<k-2) 

[ a^^{^,^,t) + {l + {^))[l]N6i*a^^{^,^,t) ii = k) 
for any t G N, we can conclude that 

b{n) = }2 Z2 ^i^'^^NSi2*a^^{-^,^,m) 

m\c^l2=lcn,m>0 m\cn=^.m>0 

This completes the proof of the description of T^-action in the theorem l2.11l The formula Tj^^-action 
for I f Np is easily derived, because T/^z-action on $ is the same as ^ ^ ^ ^-action on it. 

□ 

Now we define the action of Ti for any rational prime I and ^ for / f Np on formal g-expansions 

oo 

G = ^ (a(n) ^ ^ h{n))q^ G miN)M] 



n=l 



as follows: 

oo „ 

(2.21) e|T, = (a(n) (6^^) + ^^-^)[l]^S, * b(n) + I[fy6i2 * bi^)))q 



n=l 



(2.22) ®I^M = Er(™)®^rzX , f]N-Sp*b{n) 



ra=l 



Then we can conclude that the overconvergent Shintani lifting is 'H-linear map by Theorem 12. Ill 
except for operators containing T2. But if is even, then even 0(<I>|r2) = 0(<I>)|r2 is true so that 
is actually W-linear. 

Because we will show that our overconvergent Shintani lifting interpolates the classical Shintani 
liftings, it is reasonable to define the image of to be a universal overconvergent half-integral weight 
modular form. 

Definition 2.13. We say that G '^'(^p jv)[fe]] ^ universal overconvergent half-integral weight 
modular form if 

= 0($) 

for some ^> G H^{To{Np),Vn). 

A universal overconvergent half-integral weight modular form will be viewed as a p-adic family of 
overconvergent half-integral weight modular forms. Finally we give a definition of an overconvergent 
half-integral weight modular form of weight k, G Homcjs(Z^p, X^). 
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Definition 2.14. We say that 9 G Cp[[(7]] is an overconvergent half-integral weight modular form 
of weight K G Homcts(Z^p, K^) if it can be written as 

oo 

e = G(K)=^(l0 ^^an{K))q- 

n=l 

where = X^^i (l® x OinjQ"' £ ^(^n Ar)[[9]] is a universal overconvergent half-integral weight 
modular form. 

3. Connection to the eigencurve and p-adic family of half-integral weight 

modular forms 

Since points on the (half-integral) eigencurve correspond to (half-integral) overconvergent Hecke 
eigenforms, the existence of a Hecke eigensymbol in H^(Tq{Np),T)j\[) which interpolates overcon- 
vergent Hecke eigenforms and a local version of overconvergent Shintani lifting will give us a local 
piece of the half- integral eigencurve (see |Ram2j ) . So we will construct a Hecke eigensymbol and a 
local version of lifting whose meaning will be precise later. 

3.1. Slope < h decompositions of overconvergent modular symbols. 

The goal of this section is to review the result of G. Stevens in |St3j which guarantees the exis- 
tence of slope < h decomposition of overconvergent modular symbols over some iT-affinoid space. 

In order to make a connection to the (half-integral) eigencurve, we need an appropriate p-adic 
Hecke algebra over Zp[[Zp^]], but unlike the ordinary case (slope case), it is impossible to define 
a global p-adic Hecke algebra finite over Zp[[Zp^]] which parametrizes all overconvergent Hecke 
eigenforms of arbitrary finite slope. Instead we can define a local p-adic Hecke algebra finite over 
A{B), where B is some affioid subdomain of the weight space X]\f, using slope < h decomposition. 
We first review some background knowledge on rigid spaces, especially weight space, and state the 
theorem of G. Stevens in |St3j . 

Let A be the completed group algebra Zp[[Zp]] and let Ajv be the completed group algebra 
Zp[[Z;_^]] where Z^^^ := x (Z/iVZ)x = x A^v- Then Zp[[Z;_^]] - Zp[[Z^]][{Z/NZr] - 
^^Zp[[Zp]] where the direct product is taken over the Dirichlet characters of (Z/A^Z)^. 

Now consider the category AFxp whose objects are Spf{A) where A is an adic and noetherian 
ring which is Zp-algebra and A /J (J is the biggest ideal of definition) is a finitely generated Fp- 
algebra and morphisms are locally ringed space morphisms. Let Rigx be the category of i^-rigid 
analytic varieties. (iT-rigid analytic variety is a locally G-ringed space and a morphism is a locally 
G-ringed morphism.- A locally G-ringed space is a pair {X, Ox), where X is a set equipped with 
a saturated Grothendieck topology and Ox is a sheaf of rings such that all stalks are local rings.) 
P.Berthelot had constructed a functor from AFzp to Rigx- We refer to [Col-Mz] and [De] for this 
construction. Note that 5p/(Zp[[l-|-pZp]]) belongs to AFi^. So we can construct a iiT-rigid analytic 
variety associated to Zp[[l + pLp\\. This turns out to be the open unit disk .6(0, 1)k defined over 
K. Since A and Ajv are finite direct sums of Zp[[l +|?Zp]], we can apply P. Bertholet's contruction 
to A and A^v- We denote the resulting ivT-rigid analytic varieties by X and Xn respectively. In this 
case X (respectively Af/v) is the finite union of ip{p) (respectively ip{pN)) open unit disks and each 
component corresponds to the Dirichlet character of (Z/pZ)^ (respectively [Z/pNZ)^). We call 
X (respectively Af/v) weight space (respectively weight space of tame conductor N). So X = Xi. 



18 



For any X-rigid analytic variety X (respectively any X-affinoid variety X) we define A{X) to be 
the ring of ET-rigid analytic functions on X (respectively X-affinoid functions on X). Then there 
is a natural ring homomorphism 

(3.1) Ajv ^ A{Xn) 

for > 1. In the case that X is a X-affinoid variety over A'tv, the i?- valued points of X, for any 
commutative Qp-algebra R, are given by continuous homomorphisms from A{X) to i?, i.e. 

X{R) :=Homet,(.4(X),i?). 

The i?- valued points of Xn are given by 

Xn{R) = Homct,(AAr,i?). 

for > 1. Recall that there is a natural bijection between 

(3.2) Homrf,(A;v,Cp) and Homrf,(Z^^,e^ 



So in particular, the Cp-points of the weight space X^ is Homcjs(Zp ^, 



X 

Definition 3.1. A character k : 1 +p'Lp is called arithmetic if 

K{t) = 

for some k G Z-'^ and for all t sufficiently close to 1 in 1 + pZp. 

Definition 3.2. Let k G A'(Cp) be a Cp-point of a A'-afhnoid variety X over X^ or ^Y^r itself. We 

^ (PX 



call K an arithmetic point of signature of {k,x): if the associated group character k : ^ 



via the natural homomorphism 1)3. 1|) and the correspondence 1)3. 2p . satisfies 

«(0 = X(i) • 

where t = {tp,tj\[) G x (Z/A^Z)^ and for some X) a finite character of '^p^, and A; G Z-'^. 

We use the following notation: for any iT-affinoid variety X (or X^) and any commutative 
Qp-algebra i?, 

X^^^^iR) :={k£ X{R) I K is arithmetic.}. 

Now we state the connection between locally analytic distributions P(Zp ^y) and A{X]\[), the iT-rigid 
analytic functions on X]\[. Recall that there is a topological A'-algebra isomorphism (as AT-Frechet 
spaces) 

(3.3) F:V{Zl^) ^ A{Xm) 

(3.4) 1^ ^ U 

where f^{i^) := Lx K{x)dfi{x) which is the p-adic Fourier transform of Amice (see the |Amilj and 

p.N 

|Ami2p . 

Definition 3.3. We define 

(3.5) VB:=V0A{x)AiB) 

where B is any AT-affinoid subdomain of X^^f and A(B) is the associated A'-afhnoid algebra, endowed 
with the spectral norm | • |a(_b). 
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Let So{Np) act on Vb by the formula 'i^A{X) •= /"l7 '^A{X) [ci]n^ for B C A'jv where 

7 = ^ ^ ^ ^ and [oJat is the image of a in {'L/N'L)^ C A^. Since the action of A[B) on 

commutes with the action of Tq{Np) on Db, H^(Tq{Np),T)b) inherits an action of A{B). 
Indeed HI(Vq{Np),'Db) is equipped with an A{B)\Tn '■ n G N]-module structure. In particular, Up 
acts on H^(Tq{N),T)b)- In fact we have an ^(i?)-linear endomorphism Up : H^(Tq{Np),'Db) — > 
H^(Tq{Np),T)b)- G. Stevens proved the following theorem in [St3] which is essential to prove the 
existence of slope < h decompostion. 

Theorem 3.4. 

(1) H^(Tq{Np),'Db) is orthonormalizable as an A{B)-module. 

(2) The Up-action on Hl{r q{N p) b) is completely continuous. 

The above theorem enables us to apply the Fredholm-Riesz-Serre theory, and in particular, we 
have the Fredholm series det(l - Up ■ T\H^{To{Np),'Db)) G y4(-B)[[r]] which is entire in T. For 
details see |St3j and [Serj. 

Now we recall the definition of slope < h decomposition over B from [A-S2]. 

Definition 3.5. x S HI{Tq{Np),'Db) is said to be have slope < h with respect to Up for some 
/i G M, if there is a polynomial Q € ^(i?)[r] with the following properties: 
{l)Q*{Up) • X = where Q*{T) := T'^ ■ Q{l/T) with d = deg{Q); 

(2) the leading coefficient of Q is a multiplicative unit with respect to | • 

(3) every slope of Q is < h, where the slopes of Q are the slopes of the Newton polygon of Q 
(see [A-S2] for the definition of the Newton polygon and its slope). H^(rQ{Np),'DB)^-^^ is defined 
as the set of all elements of HI{Tq{Np),'Db) having slope < h. 

Then HI{Tq{Np),Vb)^-^^ is an ^(5)-submodule oi HI{To{Np),Vb). 

Definition 3.6. A slope < h decomposition of H^{Tq{Np),'Db) over B is an A{B)[Up]-modu[e 
decomposition 

Hl{ro{Np),VB) = Hl{ro{Np),VBp''^®Hl{ro{Np),VB)i-'''^ 

such that 

(1) HI(To{Np),Vb)'^-'^^ is a finitely generated ^(5)-module; and 

(2) for every polynomial Q £ A{B)[T] of slope < h, the map 

Q*{Up) : Hl{ro{Np),VB)i-^^ - H',{ro{Np),VB)i-^^ 

is an isomorphism of A(i?)-modules. 

Then the following theorem is due to G. Stevensf |St3j ^. 

Theorem 3.7. Let xq G Xn{K) be any K-point and let h be a fixed nonnegative rational number. 
Then there exists a K-affinoid subdomain B/^^n ^ '^N containing xq such that H^{To{Np),VBf^ 
admits a slope < h decomposition over B^^n- 

H^(ro{Np),T>B,^ at)"'^ ^^^^ pl^-y ^ central role to define the p-adic overconvergent Hecke algebra 
with slope < h whose maximum spectrum (associated iT-affinoid variety) can be thought of as a 
local piece of the eigencurve. 
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3.2. Slope < h overconvergent p-adic Hecke algebra and p-adic families of overconver- 
gent Hecke eigenforms. 

Note that the Hecke operators T„ for ah n G N preserves H^{TQ{Np),'DBh n)^~'^^ ■ 

Definition 3.8. We define the universal overconvergent p-adic Hecke algebra of tame conductor 
with slope < h 

(3.6) 7^;,,^ := Im{nB^EndAiB,,^){HliToiNp),VB, J^''^)) 

where Ti.B ■= A{Bh^N)[Tn : n G N] is the abstract overconvergent Hecke algebra over B^ j^i of tame 
conductor N. 

It is known that A{Bfi ]\r) is a principal ideal domain and we have the following proposition. 

Proposition 3.9. We have that 

(1) TZh.N is a finite, flat and torsion-free A{Bh j\i) -algebra. 

(2) TZh,N is a K-affinoid algebra. 

Proof. 

(1) Since HI{To{Np),'Db^)^-^^ is a finitely generated A(i?/i_Ar)-module, TZh,N should be a finitely 
generated A{Bh,N)-^wdu[e by the definition. The 74(i?/i^Ar)-torsion-freeness of TZh,N is clear from 
the definition. Since A{Bh,N) is a PID, torsion-freeness implies the freeness. So in particular Tlh,N 
is flat over A{Bh^]\f). 

(2) This part follows from [BGR] (Proposition 5 on page 223) since, by (1), TZh,N is finitely 
generated as an A(i?/i_Ar)-module. □ 

Let '■= Sp{lZh) (respectively, ^h,N '■= SpiJZh^N)) be the ii'-affinoid space associated to IZh 
(respectively, TZh,N) - See 7.1 of fHURl. Then we have Ai^h) = T^h and A{Q.h,N) = 'R-h., AT. So we 
get the following commutative diagrams: 

'Tlh,N ^ Tlh ^h,N ^ 



A{Bh,N) 



A{Bh) 



Bh,N ^ Bh 



A{Xn) 



A{X) 



X 



A 



N 



A 



Definition 3.10. We define the universal overconvergent Hecke eigenform of tame conductor 
with slope < /i to be 



(3.7) 



Nl 



n=l 



where is the image of T„ in Endj^f^B^ n)(^c{^o{^p)^'^Bi^ at)*'"^^) under the map H. 

We recall that Sk+2{^o{^P^), X] -R) is the subspace of 5fc+2(ro(A^p™), x) consisting of cusp forms 
whose Fourier coefficients belong to R where R is any subfield of Cp. The following theorem was 
proven by R. Coleman [Col2, 0.1]. 
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Theorem 3.11. Let k E Q'^^^{K) be an arithmetic K-point of signature {k,x) with k > 0. If 
h < k + 1 or if h = k + 1, and ih,N{i^) '■= oi.n{i^)(f^ is not in the image of the map 0^+^ where 

is the operator which acts as q-^ on formal q- expansions , then 

oo 
n=l 

where an{i^) '■= K{an) and x is defined modulo Np^ and moreover, ih^j\i{K) is an Hecke eigenform. 
Furthermore, the Up-eigen value of fh^Ni^') has p-adic valuation (called the slope of fh^Nif^)) ^ h. 

We will use the following notations: 

Qc^cissicai^j^-^ := {k : TZh,N K \ ih,N{f^) is a classical Hecke eigenform.}. 

^da«.ica/(^) := {k : A{Bh,N) -^K\^K£ nt<^^'^^''\K) such that k is lying above k}. 
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The elements of will be referred to as classical i^-points of $7^''^'*'™'. We can view 

fh,N as an analytic function on i^h,N which interpolates the g-expansions of Hecke eigenforms at 
classical points. 

3.3. Overconvergent Hecke eigensymbol. 

In this section we will prove the existence of an overconvergent Hecke eigensymbol. 

Definition 3.12. For k G Vtf'^^''''''\K) and ^> G Fi(ro(A^p),Pij^_^), we define 
(3.8) $^:=0^,($) 

where the map (t)^,* is given in (tTTKl) . For K G n'f^']^''^^\K) of signature {k,x), 

we also define 

fh,]v(«;) 

where we fix, once and for all, complex periods for each Hecke eigenform / so that 
(3-10) ^^J— ■ G H^pari^Npn, Lk,^{R.)) 

fh,]v{K) 

For details see (4.3.4) of Stl about the existence of these complex periods. 

Once we fix complex periods for each /, we can give an algebraic version of the classical Shintani 
0-lifting. Define 

(3.11) 0lJf)--=:^-0k,xif) 

for / G 5*2^+2 (Fq (M), x^), a Hecke eigenform. Then, by theorem (4.3.6) of |Stlj . under the assump- 
tion of the proposition 12.61 

(3.12) ek,A^]) = euf) 

where ipj := ^ • tpj . Note that 9^ ^ depends on the choice of complex periods and is defined only 
on Hecke eigenforms. 

22 



For k G B^'^^^'^"'\K) , we similarly define an iJ^-linear map 

(3.13) : Pb,^ = V 0Aix) A{Bh,N) ^ ^fc,x(^^) 

by replacing k by k in H1.17() . where Rf^ := k(A{Bh^]\f)). Then the following theorem due to G. 
Stevens (see [St3]) is one of the major steps for the existence of an overconvergent Hecke-eigen 
symbol. 

Theorem 3.13. Assume k G B'j^°§^'^'^°-\K) of signature {k,x) and h < k + 1. Then 

(1) there is a Hecke-equivariant isomorphism 

(3.14) H',{ToiNp),VB,^^ 0^(5,,,),, K)(^^) ^ Hl{ToiNp^)),Lk,^iK)Y^^^ 

induced from itl.ltl\) . where m is the smallest positive integer for which x is de- 
fined modulo Np^ and ®A(Bh i^),k ^■s tensor product taken with respect to k : 
A{Bh,N)^K. 

(2) There is a canonical identification 

(3.15) hI{To{Np),Vb^^^) ®A{B,,^),k K ^ Hl{ro{Np),VB,^^ ®A{B,,^),k K) 
in the case k > 0. 

In the remaining of this section, we will use the following abbreviated notations: 



H',{To{Np),Vb,^J 



where k G B'f^^j^'''"'''{K) is a -R'-point of signature {k,x), < h < k + 1 and m is the smallest 
positive integer for which x is defined modulo Np^. Let be a maximal ideal ker(K;) C A{Bh^N)- 
Robert Coleman proved that there is a point k G 0^^'^**'^"'(Cp) which is unramified over the point 
k G 5^^'^"*'='^'(i^) in [Coll]. Put = ker(K) C 7^. 

Corollary 3.14. There is a Hecke-equivariant lZ/mf{TZ-module isomorphism between 
(3.16) HliVy/mf^HliVy ^ HKL,)* 

induced from the map The right hand side is an TZ{k)-module where TZ{k) := ImiyRfJ^n '■ 

n G N] ^ EndK{H^{Lf^)*)y We have a K-algebra isomorphism from TZ/mfJZ to TZ{k) so that we 
can regard the right hand side a TZ/mf{R,-module by this K-algebra isomorphism. 

Proof. It follows from 

HliVr/m^HliVy ^ Hl{Vr®A(B,,^)^kK 

~ Hl{Lf,)* (by inmi) and ^^). 

□ 

Lemma 3.15. // k G n'f^^j^''''''\Cp) is unramified over k G 5^|';^"^™'(K), then i?c(^)(«) is a free 
TZ(^^ymodule of rank 1, where we use the subscript (kj) to denote the localization at Hi (using the 
maximal ideal m^-). 
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Proof. Note that TZ/maTZ is a finite free i^-algebra and so it is the product of local X-algebras 
nj=i is some positive integer) where each TZi is isomorphic to (7^/mre7^)(K.)=localization at 

Ki of IZ/nifJZ, where n'-s are points lying over k. Then there exists some i > such that k = Ki 
which is unramified over k. Let be ker(Kj) C TZ: 



n — 




m^c ^ A{Bh^N) 

We denote the localization at (using the maximal ideal m^J by the subscript (/tj). If is 
square-free, then it is known that Hl{Lf^)* is a free 7?.(K)-module of rank 1 by a slight extension of 
Eichler-Shimura theory. If is not square-free, we still know that H^{Lf^)*^^^ is a free T^j-module 

of rank 1. So we conclude that (i/^(2?)*/mKff^(^))*K ) ^ ^^^^ ('^/'"T'K'^)(Ki) -module °^ rank 1 by 
the above corollary 13.141 
Then we have 



~ ('^)(kj) (because of unramifiedness) . 

So we have that ff^(D)^^^/mK,-ffc(^)(K ) ^ ^^^^ ('^/''7^K'7^)(Ki)-™odule of rank 1. Hence it is a 
free 7^(Kj)/?7iKi'^(Ki) -module of rank 1, since Hi is unramified over k. Now if we apply the Nakayama 
Lemma, we conclude that H).{T))*^^ is a free 7^(Ki)-™odule of rank 1. □ 

Remark 3.16. H^(T>)* doesn't have to be a free 7^-module of rank 1. Local free rank 1 property 
for every localization at prime ideals doesn't imply the global rank 1 property in general. 

Theorem 3.17. Let kq G Q.^^^^'^'^'^K) he any classical K -point which is unramified over Bh,N- 
There is an overconvergent Hecke eigensymbol ^ G H^(TQ(Np),'DBh m)^~'^^ '^'^^ ^ choice of periods 
e Rn for K £ n'j^^j^''''"'''{K) such that 

(1) + 

(2) = 0,99- for any point k G 0^^™'(i^). 

Proof. 

Having Lemma 13.151 in our hands, the theorem follows from the same argument in the proof of 
the theorem 5.5 in |Stlj . □ 

3.4. p-adic family of overconvergent half-integral weight Hecke eigenforms via local 
overconvergent Shintani lifting. 

Let a : Ajv be the ring homomorphism associated to the group homomorphism t ^ on 

Zp^. Then the functoriality of the P. Berthelot's construction of A'-rigid analytic variety associated 
to Aat gives us the map a* : — > X]\f and consequently we get the ring homomorphism (using 
the same notation a) 

(3.17) a : A{Xn) ^ A{Xn). 

which commutes with the natural map A^r — > A{Xn) and o" : A^r ^ A^r. If we use the p-adic 
Fourier transform of Amice (|3.3|) . the above a is in fact same as a : 'D['L^ ^) — > 'D{'L^ ^) in (|2.13|) . 
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Definition 3.18. We define 

(3.18) Ah^M ■■= A{Bh,N) ®A(x^),a 

where ®A{XM),(yN completed tensor product taken with respect to a : A{Xi~j) A{Xn) which 

is the ring homomorphism given by the base change from a : A^v — > A^v- 

Definition 3.19. We define the overconvergent metaplectic p-adic Hecke algebra of tame conductor 
N with slope < /i by 

(3.19) 'R-h,N ■= T^h,N ®A(_Bh_iv),o-h Ah,N 

where ®yi(B^^),o-^ is the completed tensor product taken with respect to ah '■ A{Bh,N) A^^n 
which is the ring homomorphism given by the base change from a : A(Xi\f) — > A{Xj\f). 

Now we can formulate the following diagram: 

T^h,N T^h,N Tlh 



Kn A{Bh,N) A{Bh) 

A{Xn) A{Xn) A{X) 

An — Ajv ^ A 

Proposition 3.20. Tth.N is a K-affinoid algebra. 

Proof. The category of K-affinoid algebras is closed under completed tensor product with respect 
to any contractive -ftT-algebra homomorphism (Proposition 10 on the page 225 of [BGR]). So the 
proposition follows, since ah is a contractive homomorphism. □ 

We regard TZh,N as a AAr-algebra by equipping it with the structure homomorphism A^r — > Tlh,N 
given by / 1 0AiBh^M),'^h /• Then we can easily check that TZh^N ■= ^h,N ®A(Bh,N),^h ^h,N is 
isomorphic as an yl(A'Ar)-algebra to TZh^N ®A(XM),a A{Xi\i) whose ^(^Y/v)-algebra structure is given 
by A[Xn) TZjy, A 1 '^a{Xm),o- So by the p-adic Fourier transform ()3.3() . we have 

(3.20) ,„^(^p,n) 
as a P(Z^^)-algebra. Note that the ring homomorphism 

(3.21) nh,N ^ nh,N 

given by a 1-^ a '^A{XN).cr 1 is not a homomorphism of A(A7v)-algebras. This is reflected in the fact 
that the -fC-rigid analytic map induced by pullback on the corresponding i^-affinoid spaces 

(3.22) ^h,N — *■ ^h,N 

does not preserve the signatures of classical points. Indeed, if k G 0^''j;^**'^"'(i^) has signature {k,x) 

and lies over k G J7^''^**'^"'(i^), then the signature of k, is {2k, x^)- If we let Qh (respectively, 

Bh,N) be the K-affinoid space associated to TZh (respectively, Ah^N), then we have the following 
commutative diagram by pulling back the previous diagram: 
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Bh,N ^ Bh,N ^ Bh 

^ *" 

Now we prepare for the final notations to define a local overconvergent Shintani lifting over TZh,N- 
Let 

where So{Np) acts on T>n^ through the first factor. If k G is any K-point, then let 

i?« := K{TZh,N)- For k E of signature {k,x), we define an iJ^-linear map 

(3.23) : T>n^ j^ = V (^a(x) T^h,N Lk^^iR,,) 
by 

. N /■ r ^{xy- yxf , , , 

4>f,[H ® r) := K{r) ■ / ^ Xp W dfi{x, y) 

for fi £ V and r G 'JZh,N, where we factor x = XN • Xp with XN defined modulo N and Xp defined 
modulo a power of p. A simple computation confirms that if x is defined modulo Np^ then is 
a ro(A''p'")-module homomorphism, hence induces a homomorphism on the cohomology groups: 

(3.24) : H'A^o{Np),Vn,^J ^ Hl{To{Np'^), Lk,^{R.)) 

which is Hecke-equivariant. 

We state the following Lemma which is almost identical to the proposition 12.81 which is used 
crucially to construct a local overconvergent Shintani lifting. 

Lemma 3.21. For each Q £ T^p there is a unique TZh^N-Tnodule homomorphism 

(3.25) J| : Vb,^^ T^h,N ^ nh,N 

such that for all k G Q.f^^^^'^'^°-\K) of signature {k,x) lying over k £ (K) , we have 

(3.26) HJQ{f^)) = x{Q)-{Mf^),Q') 

for e Vb^ j^ ^A{Bh,N) ^h,N = T^Uh^N "'^d (p^ifi) was defined in\MB 

Proof. Once we define the appropriate map, the proofs of uniqueness and interpolation properties 
are exactly same as the proposition 12.81 So we concentrate on constructing the appropriate TZh,N- 
linear map. We recall that there is a topological X-algebra isomorphism (as ii'-Frechet space) 

F : P(Z^) ~ A{X) 

by the p-adic Fourier transform of Amice([Amil, Ami2]). So using this isomorphism we get a 
well-defined /C-linear map T> — > A{J\!) by 1— > F{Jq{u)) where Jq is defined in (|2.16|) . 
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We let [Q]n ■■= [a]N G A^v := (Z/iV)^ for each quadratic form Q{X,Y) = aX^ + bXY + cY'^ e 
J^Np- Now we define 7^/,,Ar-llomomorphism Jq : Vb^ j^ ®A{Bh.N) '^h,N ^ T^h,N ■= T^h,N ^A{Bh,N),^h 
Ah^N (remember that Ah^^ ■= MBh,N) '^a(A'jv),(7 M^n)) by the fohowing: 



(^A{X) MBh,N)) ®A(Bh,]v) '^h,N ^ T^h,N ®A{Bh,N),<^h {MBh,N) ®A{Xi,),u A{Xn)) 



(J^ ®A{X) f) ®A(B^,jv) r I ^ r ®A{B^,^) ,(7h i'^hif) ■ (l '^A(X,^),(7 [Q]n ■ FijQi^))) ) 

for all z/ S P,/ S A{Bh j\i) and r S TZh^N-, where [QJat and F(jq(z^)) are regarded as elements of 
A[Xn) by the natural inclusion A^r A{Xn) and A[X) A{Xn) respectively and (Th{f) is the 
image of / under an : A{Bh^N) M^N- 

Let [t] be the image of t under the natural map A A{X) and recall A{Xn) acts on T). Since we 
have F{jQ{[t] ■ u)) = [tf ■ F{Jq{u)) and a{[t] ■ f) = [t]^ ■ a{f) for ah t e , the map P^,.^ ^ ih.iv 
by I' '^A{X) f ^ • (1 '^Aix,^),a [Q]n ■ F{iQ{v))) is Zp-module homomorphism. Then is 

actually an 7?./i_Ar-linear extension of this map. If we identify ^(-S/i,Ar)) ®A(BhM) '^h,N 

with V (dA{x) T^h,N, then the map is given by 

(3-27) u (g)A(x) r^r (1 (^A(Xn),<t [Q]n ■ F{jQ{u))). 

The interpolation property at classical points follows from the same computation as in the propo- 
sition HSl □ 



We can define a local overconvergent Shintani lifting over Bh^^. 
Definition 3.22. For each $ G HI{Tq{Np),'Dti,,^^) and each Q e we define 
(3.28) Jb(cD, Q) := J|($(I)q)) G TZh^N 

where ^{Dq) is the value of the cocycle representing ^ on Dq. Note that this definition of J($, Q) 
does not depend on the representative cocycle, and depends only on the To ( A^p)-equivalence class 
of Q. 

Definition 3.23. We define a local overconvergent Shintani lifting over -B/j^at to be a map 0^ : 

H^{ro{Np),Vn,^^) ^ TZhMlQ]] given by 



^Qe^.^/VoiNp) M'^, if Np is odd, 

Ege^^./roiNp) JbC^, Q)?^'?/^^^ if Np is even. 



Definition 3.24. We say that G ^?t,Af[[9]] is a universal overconvergent half- integral weight 
modular form over Bfi^N if 

G = eB($) 

for some ^> G Hl(To{Np),VB^^r,)^^^^ ■ 

Let me also give a definition of an overconvergent half-integral weight modular form of weight 
K G RomctsiA{Bh,N),K). 
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Definition 3.25. We say that 9 G Cp[[(7]] is an overconvergent half-integral weight modular form 
of weight K G Yiom.cts{A{Bh^i^), K) if it can be written as 



n=l 



where = Yl'^=i ('^n ^ x "n)?" £ ^/i,Af[[9]] is a universal overconvergent half-integral weight 
modular form. 



Motivated by the theorem 12. Ill it's tempting to define the actions of Ti for any rational prime / 
and Ti^i for I \ Np on a universal overconvergent half-integral weight modular form over Bh,N 



oo 



n=l 

as follows: 

, Np ■ n , 



(3.29) e|T, = ^ (r(n) ®,(,x^,, {Hnl') + {^f^mNSi * h{n) + /[/^^z^ * K^)))?" 

n=l 



oo 

(3.30) ®I^M = E(^(")®.,«x ,^l^\N■5l.*h{n))q^. 

n=l 



Henceforth we can view '7^/i,Ar[[Q']] as an H-module where Ti was given in the Definition 11.51 We 
warn you that T^-action on '7^/i,Ar[[(7]] is NOT given by the 7?./i^7v-niodule structure of IZh^N- Also 
notice that ViZ^j^) act on TZh^N through the first factor. Then we can conclude that our local 
overconvergent Shintani lifting 0^ is "H-linear map by Theorem l2 . 1 1 l except for operators containing 
T2. But if is even, then @b{^\T2) = @b{^)\T2 will still be true so that B is actually "H-linear. 
Therefore we get the following local version of the theorem 12.111 

Theorem 3.26. The map Qb is an 7i-module homomorphism except for operators containing T2. 

We can talk about a universal overconvergent half-integral weight Hecke eigenform over B^^Ni 
since we defined Hecke action on 72-/i,Ar [[(?]]. Theorem 13 . 261 implies that the map Qb sends a Hecke 
eigensymbol to a universal overconvergent half- integral weight Hecke eigenform over B^^jy. Now we 
focus on the interpolation property of 0s and will find the universal overconvergent half-integral 
weight Hecke eigen form over i?/i_Ar corresponding to the Hecke eigensymbol we constructed in the 
theorem 13.171 

Theorem 3.27. For each $ G HI{Tq{Np),'Dh^^ ^) and for each classical point R G Vl'^°'ff'^'^"-\K) of 
signature {k,x) lying over k G Q.'^'^^^'^'^'^\K) we have 

(3.31) Qsi^m I = Qk,x{^^) 

where = </>k,*($) and m is the smallest positive integer for which x i^ defined modulo Np^. 
Note that here we understand Tp as the action on formal q- expansion given by fg? 

28 



Proof. For Np odd, this follows from the following calculation: 

QeJ^iVp/ro(Afp) 
QeTNp/To{Np) 

Qe:^jvpm/ro(Afp") 
QeJ^jvpm/ro(Afp™) 

The same computation applies to the Np even case. □ 

We state the main theorem on the existence of the universal overconvergent half-integral weight 
Hecke eigenform over -B/i^tv and prove it. 

Theorem 3.28. Let G Q,'^°j^'^'^'^°'\K) be a fixed classical point unramified over B^^n- Then 

there is a formal q-expansion © = Yl'^=i f^nQ"" G Rh,N[[Q]] md a choice of periods VL^ G K, for 
K G ri^^'J^**™^ (i^ ) , with the following properties: 

(1) ^no + 

(2) For every classical point k G fi^^'J^'*'™^ (iiT) of signature {k, x), 



eiK) := E/3„(,i)g" G 5,_,3 (ro(4iVp"^), X*; i^) 

n=l 

where m is the smallest positive integer for which x is defined modulo Np^ and x* 
is defined by x*{d) = x{d)i ''~^^^ ^ '^^ )- 

(3) If K is the image of k G of signature {k,x) under the map iV. i^ijj) . 

then 



(3.32) @{k) = ■ eij{h,N{t^)) I T^-"" 

where ei Jih,N{K)) \ := ap(K)i— • ei Jih,N{f^)) I T^'^ ■ 

Proof. There is an Hecke eigensymbol ^> G H^(TQ{Np),'DBf^ j^)^-^^ and a choice of periods fi^ G 
by theorem 13.171 We will use $ (8) 1 to prove the existence of a formal g-expansion G. In order for 
that, we should make sure that $(8) 1 G H\{Vq{Np),T>'ji^ ^). This follows from the flatness of Tih^pf 
as ^(i?/i^Ar)-module, which was guaranteed by proposition 13.91 

HI{T,{Np),Vb,^J^''^^ ^HI{T,{Np),Vb,^,) 
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preserves the injectiveness after tensoring '^A{Bh m)'^^^^ 



Hl{T,{Np),Vn,^^) 

where the second m.a.-g Hl{To{Np),VB^j^)®A{B,,,M)'^h,N ^ (ro(^p), ^7^h,^r) is given by sending 
4"^A{Bh at)'^ to -D I— > 4'{D)'^A{Bh n)^ ^ ^ which is easily checked to be a well-defined injective 
homomorphism. 
Now we can define 



e := Oei^ 1) = G TthMM- 

n=l 

Then by (1) of theorem rTTTl (1) follows. Let's prove (2) and (3). Let k G fi^''^*^™' (/sT) be 
classical X-point of signature {k,x) and let k be its image in Q^assicai ^ 
By the theorem 13. 271 and 1)3. 12() we have 



classical X-point of signature (A;, x) and let k be its image in 

^classical (^j^-^ Under the map (|3.22() . 



e(c^)(^) I r™-i = e,,^(ci>.) 

By the Shintani's theorem 12.31 for m = 1, it follows that 0(«;)|Tp = Q.^ ■ O^. ^{fh^j^ {K)\Tp) = 
• ^(ap(K) • f/i.ArC'^)) = ap{K) ■ Q{k). So we can conclude that (/3„p2)(K) = ap(K) for every 

n and every R, G Q'j^"j^'^'^'^"'\K) of signature {k, x) with x defined modulo Np. Hence we have that 

(3.33) /3„p2 = Op • /?„ e 7^/i,Ar 

for ah n>l. Now we apply the Hecke operator T^-'^ to Q{<^>){k) \ T^-^ = ■ 6'^^^(f/,,iv(K)) and 
multiply by ap(K)^~™' to obtain 

e{R) = ap(K)i-™-e(K)|rp2(™-i) (by (jissi)) 

This proves the part (3). The classical Shintani's theorem 2.3 tells us that 

where x' is the character of {Z/ANp"^Z)^ defined by x'{d) ■= x{d) ■ { ^~^'' ^ ).(see (2.2)) If we 
apply Tp to ^(f/i,Ar(K)), then it multiplies the Nebentype by (2) by proposition 1.5 of |Shm2j . 
Therefore we have that 

where x*{d) = x{d) C~'^T''n ■ 

So we conclude that G(k) G 5^_,_3 (ro(4A''p''"), x*; ^i^)- (part (2)) This finishes the proof of the 
main theorem. □ 

Remark 3.29. ^h,N (respectively i^h,N) can be viewed as a i^-affinoid subvariety of the eigencurve 
(respectively half-integral eigencurve) . So our construction in fact gives us the local X-rigid analytic 
map from integral eigencurve to half-integral eigencurve. 
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We finish the paper summarizing the whole picture of the overconvergent Shintani hfting and its 
interpolation properties by the following commutative diagram: 




(ro(iVp),Piv) 



e 



K 




{To{Nf^^),L^k,x<Rn)) 



par 



{U{Np^),L2k,x<'^p)) 




im — 1 



52/c+2(ro(iVp™),x') 



- Vf(ro(4iVp-),x'). 
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